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Abstract
In black hole thermodynamics of certain models, the thermodynamic first law may contain the
pressure term. The corresponding entropy follows the area law whereas the thermodynamic energy
is not the same with the black hole mass. If the pressure can be decomposed into two parts and
recombined with the original thermodynamic quantities, then the thermodynamic energy becomes
the black hole mass and the entropy satisfying the area law turns out to be the corrected entropy
called the Wald entropy, respectively.
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Since the thermodynamic first law for black holes has been extensively used in black
hole thermodynamics and phase transitions [1–4], it has been claimed that the first law is
essentially related to the Einstein equation [5]. Recently, the remarkable similarity between
them has been emphasized by investigating it at the horizon [6]. Explicitly, it shows that
the Einstein tensor Grr for spherically symmetric static black holes can be decomposed into
two parts; the first part is of relevance to the energy, while the second part is associated
with the entropy as long as the Hawking temperature is identified with the surface gravity.
Additionally, if there is a source terms for matter, then the pressure of P = T rr from energy-
momentum tensors is included in the thermodynamic first law. After all, it becomes the
thermodynamic first law, dE − THdS = −PdV , where TH is the Hawking temperature and
V is the volume of the black hole. Subsequently, we can easily see that what the energy E
and the entropy S for the black hole are from this relation. Furthermore, the relationship
between the first law of thermodynamics and gravitational field equations in a spherically
symmetric space-time has been extensively investigated in the modified gravity theories
so that the thermodynamic quantities obtained from the gravitational field equations are
consistent with those from other approaches [7–9]. In particular, the thermodynamic energy
of a spherically symmetric black hole in a Lorentz noninvariant model has shown to be
exactly same with a generalization of the Misner-Sharp energy [9].
However, the pressure can be sometimes regarded as a part of the geometric part such as
the Einstein tensor instead of the source. It means that the pressure can be split into two
parts and recombined with the original energy and the entropy, which yield modified ones.
There are at least two kinds of representations depending on whether the pressure is kept in
the right-hand side of the equation or not. In this paper, we would like to apply the above two
different approaches to two special models so that we show that the thermodynamic energy
can become the black hole mass and the entropy can turn out to be the Wald entropy [10]
if the pressure is decomposed and recombined with the original energy and the pressure.
The first illustration is the four-dimensional exact soluble model [11] in the semiclassical
Einstein equation with the conformal anomaly [12, 13],
Gµν = 8πGN〈Tµν〉, (1)
where Gµν = Rµν − 12gµνR and 〈Tµν〉 is the effective energy-momentum tensor from the
trace anomaly, gµν〈Tµν〉 = −α(8πGN)−1E(4) + α˜CαβκλCαβκλ, where the coefficients α and α˜
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depend on matter contents, E(4) = RµνκλR
µνκλ − 4RµνRµν + R2 is the Gauss-Bonnet term,
and Cαβκλ is the Weyl tensor. By assuming α˜ = 0 and α > 0 for the exact solubility with
the relations of 〈T tt〉 = 〈T rr〉 in the whole space-time [11], one can find the asymptotic flat
exact solution, ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ22,
f(r) = 1− r
2
4α
[
1−
√
1− 16αGNM
r3
− 4αa
2
r4
]
, (2)
where M and a are integration constants. The metric (2) has two roots satisfying f(r±) = 0;
however, the horizon is obtained as r+ = GNM+
√
G2NM
2 + 2α because r− becomes negative
for α > 0. Following the procedure in Ref. [6], the relevant tensor component for the static
spherically symmetric solution (2) is given by only the radial part,
Grr = 8πGN〈T rr〉, (3)
where the Einstein tensor and the anomaly term can be written asGrr(r) = −r−2(1−f−rf ′),
〈T rr〉 = α(4πGN)−1r−4(1 − f)(1 − f + 2rf ′), respectively. The prime means the derivative
with respect to the radial coordinate. Considering Eq. (3) at the event horizon of r = r+,
one can obtain the equation of motion,
d
(
r+
2GN
)
− f
′(r+)
4π
d
(
πr2+
4GN
)
= −〈T rr〉dV |r=r+, (4)
where V is the volume of the black hole. Now, the Hawking temperature is defined by the
surface gravity of TH = f
′(r+)/4π and the pressure is given by P = 〈T rr〉. Requiring the
thermodynamic first law,
dE˜ − THdS˜ = −PdV |r=r+, (5)
we obtain the thermodynamic energy and the entropy as
E˜ =
r+
2GN
, S˜ =
πr2+
GN
=
A
4GN
, (6)
where A = 4πr2+. Note that the thermodynamic energy is not the same with black hole
mass, while the entropy satisfies the well-known area law in the presence of pressure. On
the other hand, the above quantum-mechanically induced pressure can be decomposed into
two parts and they are absorbed into the energy and the entropy, so that Eq. (4) can be
written as
d
(
r+
2GN
− α
GNr+
)
− f
′(r+)
4π
d
(
A
4GN
− 4πα
GN
ln
A
A0
)
= 0. (7)
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Note that there appears the α correction at each term due to the anomaly. Comparing
Eq. (7) with the thermodynamic first law of dE − THdS = 0, we can identify the modified
thermodynamic energy and the modified entropy as
E = M, S =
A
4GN
− 4πα
GN
ln
A
A0
. (8)
Note that the energy is nothing but the black hole mass which can be compactly written in
terms of the inverse relation of the event horizon, M = r+/2 − α/r+, and the constant A0
reflects the logarithmic ambiguity. The entropy receives the logarithmic correction which is
the same with the Wald entropy in Ref. [11] (another approach can be found in Ref. [14]).
Second, let us start with the d-dimensional Einstein-Hilbert action IEH coupled to a
Gauss-Bonnet term I1 with a negative cosmological constant Λ = −(d− 1)(d− 2)/2ℓ2,
I = IEH + I1
=
1
16πGN
∫
ddx
√−gR + 1
16πGN
∫
ddx
√−g
[
−2Λ + α
(d− 3)(d− 4)E(4)
]
,
(9)
where d is considered greater than four. Variation of the action (9) yields the equations of
motion,
Gµν = 8πGNTµν
≡ −Λgµν − α
(d− 3)(d− 4)
[
2RRµν − 4RµκRκν − 4RκλRµκνλ
+RµκλσR
κλσ
ν −
1
2
gµνE(4)
]
,
(10)
where Tµν = −(8πGN)−1δI1/δgµν. The metric is assumed to be the static metric of ds2 =
−f(r)dt2+f−1(r)dr2+r2dΩ2(d−2),k, where dΩ2(d−2),k is the line element of a (d−2)-dimensional
totally symmetric space with a constant curvature (d− 2)(d− 3)k. Then, the explicit form
of the solution is given as [15],
f(r) = k +
r2
2α
[
1±
√
1 +
64πGNαM
(d− 2)Σkrd−1 −
4α2
ℓ2
]
, (11)
where Σk is the volume of the (d − 2)-dimensional space. There are two branches so that
we take the (−) sign which goes to the Schwarzschild metric asymptotically. Then the mass
can be written in terms of the horizon r+ as
M =
(d− 2)Σkrd−3+
16πGN
[
k +
r2+
ℓ2
+
αk2
r2+
]
, (12)
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where the horizon satisfies f(r+) = 0. Using the metric, the relevant Einstein tensor and
the pressure from the energy-momentum tensors can be calculated as
Grr =
(d− 2)
2
[
f ′(r)
r
− (d− 3)(k − f(r))
r2
]
, (13)
T rr = −
(d − 2)α
8πGN
[
f ′(r)(k − f(r))
r3
+
(d− 5)
2r4
(
f(r)(2k − f(r))− k2)]+ (d− 1)(d− 2)
16πGNℓ2
,
(14)
respectively, so that the Einstein equation (10) can be written as
(d− 2)(d− 3)Σkkrd−4+
16πGN
dr+ − f
′(r+)
4π
[
(d− 2)Σkrd−3+
4GN
]
dr+ = −T rrdV |r=r+. (15)
Defining the pressure P = T rr and the differential volume dV = Σkr
d−2dr, we can regard
the Einstein equation with matter as the thermodynamic first law [6],
dE˜ − THdS˜ = −PdV |r=r+, (16)
as long as we identify the energy and the entropy with
E˜ =
(d− 2)Σkkrd−3+
16πGN
, S˜ =
A
4GN
, (17)
where A = Σkr
d−2
+ . Note that the thermodynamic energy cannot be written as the black
hole mass; in particular, the entropy satisfies the area law. Similar to the first illustration,
the pressure in Eq. (14) is transposed to the left-hand side of the Einstein equation and then
it can be decomposed into two terms as in the following:
(d− 2)Σk
16πGN
[
(d− 3)krd−4+ +
(d− 1)rd−2+
ℓ2
+ (d− 5)αk2rd−6+
]
dr+
−f
′(r+)
4π
[
(d− 2)Σkrd−3+
4GN
(
1 +
2αk
r2+
)]
dr+ = 0.
(18)
Identifying Eq. (18) with the thermodynamic first law of dE = THdS without the pressure,
we can get the modified energy and the modified entropy,
E =M, S =
Σkr
d−2
+
4GN
[
1 +
2(d− 2)αk
(d− 4)r2+
]
. (19)
The superficially complicated thermodynamic energy becomes just the black hole mass and
the entropy can be written as the Wald entropy which is compatible with the previous result
in Ref. [15]. In particular, as seen from Eq. (18), there is no explicit Gauss-Bonnet correction
5
to the energy in five dimensions, whereas the mass formula (12) still has an α correction.
However, the α correction term in the mass formula is actually independent of the horizon,
so that it can be an integration constant. For a spherically symmetric black hole without
the cosmological constant, these relations have been obtained in Ref. [7] and are consistent
with our results.
In conclusion, we have studied two kinds of expressions of the thermodynamic first law
depending on the existence of the pressure throughout the two black hole models. In the
presence of the pressure in the thermodynamic law, the entropy of the black hole can be
written as the well-known area law, while the thermodynamic energy cannot be written
as the black hole mass. In contrast to this expression, if the pressure is eliminated, then
the entropy receives some corrections to the standard area law, while the thermodynamic
energy of the black hole becomes the black hole mass. So, the black hole mass and the
Bekenstein-Hawking entropy seems to be complementary in the presence of the pressure.
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